In this paper, we prove Kirchberg-type inequalities for any Kähler spin foliation. Their limiting-cases are then characterized as being transversal minimal Einstein foliations. The key point is to introduce the transversal Kählerian twistor operators.
Introduction
On a compact Riemannian spin manifold (M n , g M ), Th. Friedrich [Fri80] showed that any eigenvalue λ of the Dirac operator satisfies λ 2 ≥ n 4(n − 1) S 0 , (1.1)
where S 0 denotes the infimum of the scalar curvature of M. The limiting case in (1.1) is characterized by the existence of a Killing spinor. As a consequence M is Einstein. K.D. Kirchberg [Kir86] established that, on such manifolds any eigenvalue λ satisfies the inequalities On a compact Riemannian spin foliation (M, g M , F ) of codimension q with a bundle-like metric g M such that the mean curvature κ is a basic coclosed 1-form, S.D. Jung [Jun01] showed that any eigenvalue λ of the transversal Dirac operator satisfies λ 2 ≥ q 4(q − 1)
where
, here σ ∇ denotes the transversal scalar curvature with the transversal Levi-Civita connection ∇. The limiting case in (1.2) is characterized by the fact that F is minimal (κ = 0) and transversally Einstein (see Theorem 3.1). The main result of this paper is the following: 
The limiting case in (1.3) is characterised by the fact that the foliation is minimal and by existence of a transversal Kählerian Killing spinor (see Theorem 4.3). We refer to Theorem 4.4 for the equality case in (1.4). We point out that Inequality (1.3) was proved by S. D. Jung [JK03] with the additional assumption that κ is transversally holomorphic. The author would like to thank Oussama Hijazi for his support.
Foliated manifolds
In this section, we summarize some standard facts about foliations. For more details, we refer to [Ton88] , [Jun01] . Let (M, g M ) be a (p + q)-dimensional Riemannian manifold and a foliation F of codimension q and let ∇ M be the Levi-civita connection associated with g M . We consider the exact sequence
where L is the tangent bundle of T M and Q = T M/L ≃ L ⊥ the normal bundle. We assume g M to be a bundle-like metric on Q, that means the induced metric g Q verifies the holonomy invariance condition,
where L X is the Lie derivative with respect to X. Let ∇ be the connection on Q defined by:
where s ∈ Γ(Q) and Y s is the unique vector of Γ(L ⊥ ) such that π (Y s ) = s. The connection ∇ is metric and torsion-free. The curvature of ∇ acts on Γ(Q) by :
The transversal Ricci curvature is defined by:
Also, we define the transversal scalar curvature :
where {e i } i=1,··· ,q is a local orthonormal frame of Q and
The foliation F is said to be transversally Einstein if and only if
with constant transversal scalar curvature. The mean curvature of Q is given by:
II (e l , e l ) , with {e l } l=1,··· ,p is a local orthonormal frame of Γ(L) and II is the second fundamental form of F defined by:
We define basic r-forms by :
where d is the exterior derivative and X is the interior product. Any Φ ∈ Ω r B (F ) can be locally written as
With the local expression of basic rforms, one can verify that κ is closed if
where Ω B (F ) is the tensor algebra of Ω r B (F ) . We have the following formulas:
where δ B is the adjoint operator of d B with respect to the induced scalar product and {e i } i=1,··· ,q is a local orthonormal frame of Q.
The transversal Dirac operator on Kähler Foliations
In this section, we start by recalling some facts on Riemannian foliations which could be found in [GK91a] On a foliated Riemannian manifold (M, g M , F ) , a transversal spin structure is a pair (SpinQ, η) where SpinQ is a Spin q -principal fibre bundle over M and η a 2-fold cover such that the following diagram commutes:
The maps SpinQ × Spin q −→ SpinQ, and SOQ × SO q −→ SOQ, are respectively the actions of Spin q and SO q on the principal fibre bundles SpinQ and SOQ. In this case, F is called a transversal spin foliation. We define the foliated spinor bundle by: S (F ) := SpinQ × ρ Σ q , where ρ : Spin q −→ Aut (Σ q ) , is the complex spin representation and Σ q is a C vector space of dimension N with N = 2 [ 
There is a natural Hermitian product on S (F ) such that, for all X, Y ∈ Γ(Q), the following relations are true:
where ∇ is the Levi-Civita connection on S (F ) and Ψ, Φ ∈ Γ(S(F )).
The transversal Dirac operator [GK91a, GK91b] is locally given by:
for all Ψ ∈ Γ(S(F )). We can easily prove using Green's theorem [YT90] that this operator is formally self adjoint. Furthermore, in [GK91b] it is proved that if F is isoparametric and δ B κ = 0, then we have the Schrödinger-Lichnerowicz formula:
Denote by P the transversal twistor operator defined by
where π is the orthogonal projection on the kernel of the Clifford multiplication M. With respect to a local orthonormal frame {e 1 , · · · , e q }, for all Ψ ∈ Γ(S(F )), one has
For any spinor field Ψ, one can easily show that
Now we give a simple proof of the following theorem: 
Proof. For all Ψ ∈ Γ(S(F )), we have using Identities (3.2), (3.3) (3.1),
For any spinor field Φ, we have that (Φ, κ · Φ) = −(κ · Φ, Φ) = −(Φ, κ · Φ), so the scalar product (Φ, κ · Φ) is a pure imaginary function. Hence for any eigenspinor Ψ of the transversal Dirac operator, we obtain
from which we deduce (3.4) with the help of the Schrödinger-Lichnerowicz formula. Finally, we can easily prove in the limiting case that F is minimal i.e. κ = 0, and transversally Einstein.
A foliation F is called Kähler if there exists a complex parallel orthogonal structure J : Γ(Q) −→ Γ(Q) (dimQ = q = 2m). Let Ω be the associated Kähler, i.e., for all X, Y ∈ Γ(Q), Ω(X, Y ) = g Q (J(X), Y ) = −g Q (X, J(Y )). The Kähler form can be locally expressed as
and for all X ∈ Γ(Q), we have [Ω, X] := Ω · X − X · Ω = 2J(X). Under the action of the Kähler form, the spinor bundle splits into an orthogonal sum
where S r (F ) is an eigenbundle associated with the eigenvalue iµ r = i(2r −m) of the Kähler form Ω. Moreover, the spinor bundle of a Kähler spin foliation carries a parallel anti-linear map j satisfying the relations:
and we have jΨ r = (jΨ) m−r . For all X ∈ Γ(Q), we have
. We define the operator D tr by
The local expression of D tr is independant of the choice of the local frame and by Green's theorem [YT90] , we prove that this operator is self-adjoint. On a Kähler spin foliation, the operators D tr and D tr satisfy:
[Ω,
We should point out that Equations (3.7), (3.8) and (3.9) are true under the assumptions that F is isoparametric and δ B κ = 0. Now we define the two operators D + and D − by
Furthermore, D tr splits into D + and D − , and we have the two exact sequences: 
where M r is the transversal Clifford multiplication defined by
For all r ∈ {0, . . . , m} and Ψ r ∈ Γ(S r (F )), we have . For any spinor field Ψ r ∈ Γ(S r (F )), we can easily prove 
Proof. Let ϕ be an eigenspinor of D tr . There exists an r such that ϕ r does not vanish. Let Ψ = 
If Ψ is an eigenspinor of type (r, r + 1) associated with an eigenvalue λ satisfying equality in (4.3), then r = m−1 2
, the foliation F is minimal and for all X ∈ Γ(Q), the spinor Ψ satisfies Proof. For all Ψ r ∈ Γ(S r (F )), using Identities (4.1) and (4.2), we have
(∇ e i Ψ r + a r p − (e i ) · D + Ψ r +b r p + (e i ) · D − Ψ r , ∇ e i Ψ r ).
Finally we obtain,
(4.5)
Let λ be an eigenvalue of D tr and let Ψ an eigenspinor of type (r, r + 1). Applying Equality (4.5) to Ψ r , one gets
By the Schrödinger-Lichnerowicz formula and by the fact that Ψ r and Ψ r+1 have the same L 2 -norms, we get 
